
M328K, Unique Numbers:91264, Intro to NT, Summer 2014-First Semester

Lecture MTWTHF 10:00 to 11:30a , ETC 2.132,

Instructor: Ekin Ozman (ozman@math.utexas.edu)

O�ce Hours M F 11:30-12:45, T 9:00-10:00 and also by appointment, RLM 11.150

Text Number Theory and its Applications (6th Edition) by Kenneth Rosen

Description This is a first course that emphasizes understanding and creating proofs; therefore, it must provide a tran-

sition from the problem-solving approach of calculus to the entirely rigorous approach of advanced courses such as M365C

or M373K. The number of topics required for coverage has been kept modest so as to allow instructors adequate time to

concentrate on developing the students theorem-proving skills.

Prerequisites M341 or M325K, with a grade of at least C.

Dates to Remember Final Exam: 7-10pm, July 11, Fri, cumulative

Grading of Lecture

Weekly quizzes: every Wednesday (June 11,18,25,July 2), 2-3 questions based on HW, half an

hour or so long, highest 3 will be counted, 30 percent.

HW: due every class(almost), questions from the book, 30 percent

Final: 40 percent, cumulative.

Any adjustments to the schedules or policies will be announced multiple times in lecture or via email.

HW Homeworks will be assigned in class on a roughly daily schedule. In class participation and HW will count for thirty

percent of the semester grade. Please note that this is not a computational course: there will not usually be an answer to

circle; your answer to each question will typically be a couple of paragraphs that explain why something is true. So make

sure your homework is neat and orderly and is written in complete sentences where appropriate.

The lowest n homework scores will be dropped, where n will be determined later in the semester. This is to accomodate

occasions when for whatever reason you are unable to hand in an assignment. You should still type up proofs from hand-ins

you miss, so that you have the proofs of the results. One of the points of doing the homework is that you will be writing

your own version of the text book, with the proofs included.

Homework will be assigned in the lecture. Some portion of the collected exercises will be graded. No late HW is accepted.

Quizzes will be based on HW questions and cover working out exercises from the material we will cover, as well as proofs,

both of results we will prove in class and some closely related results you won’t have seen. No books, notes or calculators

will be allowed in any of the exams.

Make-up Exam Policy There will be no make-up exams. The lowest (or missed) quiz score will be dropped. The final

exam can only be rescheduled for very serious reasons. If you have a confict with the final exam time, please notify me at

least four weeks before the final.
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Distribution of Grades Your grade will be no lower than what is indicated below but I reserve the right to give more

generous letter grades. 92-100:A, 90-91:A-, 88-89:B+, 82-87:B, 80-81:B-, 78-79:C+, 72-77: C, 70-71:C-, 68-69:D+, 62-67: D,

60-61:D-, 0-59:F

Other Students are encouraged to talk over the homework with each other and then do the homework on their own.

Copying down someone else’s proof defeats the point of figuring things out for yourself. Even better if you have a go at the

problems on your own before talking to someone else.

It is a good idea to work out and write down the ideas involved in a proof in a rough form before attempting to write a

more formal proof.

Take advantage of o�ce hours! Seek out help before problems get too large to tackle. You will find that I have a

lot of patience with people who are genuinely interested in learning, and decreasingly less for those who regularly skip

class/homework/etc. Don’t hesistate to ask me or others in the class if you have questions or are having trouble.

Students with disabilities The University of Texas at Austin provides upon request appropriate academic accommo-

dations for qualified students with disabilities. For more information, contact the O�ce of the Dean of Students at 471-6259,

471-4641 TTY.

Aproximate Coverage

• Week 1(June 5-6): 1.1, 1.2, Appendix A,B, 1.3, 1.4

• Week 2(June 9-13) : 1.5, 3.1, 3.2, 3.3, 3.4, 3.5, 3.7 , 4.1

• Week 3(June 16-20): 4.2, 4.3, 4.4, 5.1, 6.1, 6.3, 7.1

• Week 4(June 23- 27): 7.2, 7.3, 7.4, 9.1,9.2,9.3,11.1, 11.2

• Week 5(June 30-July 4): 11.2, 8.1, 8.4, 8.5, 8.6, 13.1

• Week 6(July 7-July 10) 13.2, 13.3,13.4
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Prove or Disprove anything below that says ‘Theorem’:

0.1 Theorem. Let a, b, and c be integers. If a|b and a|c, then a|bc.

0.2 Question. Can you weaken the hypothesis of the previous theorem and still prove the conclu-
sion? Can you keep the same hypothesis, but replace the conclusion by the stronger conclusion that
a2|bc and still prove the theorem?

0.3 Theorem. Let a, b, and c be integers. If a|b, then a|bc.

0.4 Theorem. Let a, b, c, and n be integers with n > 0. If a ⌘ b (mod n) and b ⌘ c (mod n),
then a ⌘ c (mod n).

0.5 Theorem. Let a, b, c, d, and n be integers with n > 0. If a ⌘ b (mod n) and c ⌘ d (mod n),
then a+ c ⌘ b+ d (mod n).

0.6 Theorem. Let a, b, c, d, and n be integers with n > 0. If a ⌘ b (mod n) and c ⌘ d (mod n),
then ac ⌘ bd (mod n).

0.7 Exercise. Let a, b, k, and n be integers with n > 0 and k > 1. Show that if a ⌘ b (mod n)
and ak�1 ⌘ bk�1 (mod n), then

ak ⌘ bk (mod n).

0.8 Question. Let a, b, c, and n be integers for which ac ⌘ bc (mod n). Can we conclude that
a ⌘ b (mod n)? If you answer “yes”, try and give a proof. If you answer “no”, try and give a
counterexample.

0.9 Theorem. If the sum of the digits of a natural number expressed in base 10 is divisible by 9,
then the number is divible by 9 as well.

0.10 Theorem. Prove the existence part of the Division Algorithm. (Hint: Given n and m, how
will you define q? Once you choose this q, then how is r chosen? Then show that 0  r  n� 1.)

0.11 Exercise. Use the Euclidean Algorithm to find Gcd and Bezout’s coe�cients

(a) (96, 112), (b) (162, 31), (c) (0, 256), (d) (�288,�166), (e) (1,�2436)

0.12 Theorem. Let a, b, and c be integers. If a|bc and (a, b) = 1, then a|c.

0.13 Theorem. Let a, b, and n be integers. If a|n, b|n and (a, b) = 1, then ab|n.

0.14 Theorem. For any integers a and b not both 0, there are integers x and y such that

ax+ by = (a, b).

0.15 Theorem. Let a, b, c and n be integers with n > 0. If ac ⌘ bc (mod n) and (c, n) = 1, then
a ⌘ b (mod n).
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0.16 Question. Suppose a, b, and c are integers and that there is a solution to the linear Diophan-
tine equation

ax+ by = c,

that is, suppose there are integers x and y which satisfy the equation ax + by = c. What condition
must c satisfy in terms of a and b?

0.17 Theorem. Given integers a, b, and c with a and b not both 0, there exist integers x and y
that satisfy the equation ax+ by = c if and only if (a, b)|c.

0.18 Theorem. Let a, b, and c be integers with a and b not both 0. If x = x0, y = y0 is an integer
solution to the equation ax+ by = c (that is, ax0 + by0 = c) then for every integer k, the numbers

x = x0 +
kb

(a, b)
and y = y0 �

ka

(a, b)

are integers that also satisfy the linear Diophantine equation ax+ by = c. Moreover, every solution
to the linear Diophantine equation ax+ by = c is of this form.

0.19 Exercise. Find all integer solutions to the equation 24x+ 9y = 33.

0.20 Theorem. If a and b are integers, not both 0, and k is a natural number, then

gcd(ka, kb) = k · gcd(a, b).

0.21 Question. Is it possible to form 268 cent postage using only 12-cent and 15-cent stamps.

0.22 Question. Find the flaw in the following proof that an = 1 for all nonnegative integers, n,
whenever a is a nonzero real number.

Basis Step: a0 = 1 is true by definiton of a0.

Inductive Step: Assume that aj = 1 for all nonnegative integers j with j  k. Then note that
ak+1 = ak⇤ak

ak�1 = 1⇤1
1 = 1.

(Note:Of course we all know that the claim ‘an = 1 for all nonnegative integers, n, whenever a
is a nonzero real number.’ is false, I DO NOT want you to prove that the claim is false. I want
you to find the mistake in the proof above.)

0.23 Theorem. Prove that 7 does not divide n2 + 2 for any integer n.

0.24 Theorem. Prove that if nis a positive integer then 5n ⌘ 1 + 4n (mod 16).

0.25 Theorem. Prove that if n is a positive integer then 4n ⌘ 1 + 3n (mod 9).

0.26 Theorem. Let a, b,m be natural numbers such that ab ⌘ 1 (mod m) prove that a, b have the
same order mod m.
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0.27 Question. Show that there are infinitely many prime numbers of the form 3n + 2 without
using Dirichlet’s Theorem about primes in arithmetic progression.

0.28 Question. Let n be a natural number prove that there are n consecutive composite numbers.

0.29 Exercise. Find a representative for 212 in the complete canonical residue system modulo 13.

0.30 Theorem. Let p be a prime and let a be an integer no divisible by p. Then {a, 2a, 3a, ..., pa}
is a complete residue system.

0.31 Exercise. Find a respresentative for pq�1 + qp�1 in the complete canonical residue system
modulo pq.

0.32 Theorem. Let a, b be integers and n be a positive integer. If a ⌘ b(mod n) then (a, n) = (b, n).

0.33 Exercise. Find all integer solutions of the following system:

x ⌘ 2(mod 3)

x ⌘ 3(mod 5)

x ⌘ 1(mod 7)

0.34 Question. Does 7 divide 515 + 1212? Justify your claim.

0.35 Question. You want to construct a RSA public-key cryptography system based on the primes
p = 5 and q = 11. Answer the following questions.

1. Among the numbers 7, 8, and 10, which one is appropriate as an encoding exponent?

2. Which two numbers do you make public?

3. Suppose you want to send the message 8. What number do you send?

4. What is your decoding exponent D?

5. Explain how you would decode the encrypted message.

0.36 Exercise. Let p be a prime and a be any integer. Show that ap + (p� 1)!a ⌘ ap � a (mod p).
Show that p|ap + (p� 1)!a.

0.37 Exercise. Find the smallest nonnegative k such that 12! ⌘ k mod 13

0.38 Exercise. Find all solutions in the canonical complete residue system to 3x ⌘ 6 mod 9.

0.39 Exercise. Find, with proof, all integers x, with 0  x < 33, such that x2 � 1 ⌘ 0 (mod 33)
NO guess-and-check methods.

0.40 Exercise. Find all primitive roots mod 19.

0.41 Question. Give a complete list of integers n such that there is a primitive root modulo n.

0.42 Exercise. Find a primitive root modulo 5k for all positive integers k.

0.43 Exercise. Find a primitive root modulo 50.


